We explore novel features of a nonrelativistic fermionic superfluid in which the pairing interaction includes a contribution from the exchange of a dynamical bosonic mode. We show that the dynamical boson exchange (DBE), which causes a retarded pairing interaction and thus violates the Galilean invariance of the fermion sector, generically leads to a quantum reduction of the superfluid density and hence a nonzero normal fraction even at zero temperature. For spin-singlet pairing, the DBE also leads to a nonvanishing spin susceptibility at zero temperature, providing a mechanism for the coexistence of pairing and magnetization. While these effects are negligible for weak pairing, they become sizable at strong pairing. For the double superfluidity in ultracold Fermi-Bose mixtures, the superfluid density reduction for the fermion sector induced by the DBE just gives rise to the AndreevBashkin drag effect, indicating a strong entrainment between the two superfluid components. The DBE may also provide a new source for the superfluid fraction reduction of neutron matter, which is crucial for models of neutron star glitches based on neutron superfluidity.
I. INTRODUCTION
It is generally believed that an attractive interaction in a cold many-fermion system leads to superconductivity or superfluidity, which covers a wide range of many-fermion systems, including superconducting materials [1] , superfluid 3 He [2] , ultracold atomic Fermi gases [3] , excitonic condensate of electron-hole pairs [4] , nuclear matter [5] , and dense quark matter [6] . Ultracold atomic gases with tunable interatomic interaction provide clean systems to explore new phenomena associated with fermion superfluidity at strong coupling [7] [8] [9] [10] [11] [12] . It has been demonstrated that a fermionic superfluid can evolve from a weakly paired BCS state to a Bose-Einstein condensate (BEC) of tightly bound pairs via increasing the attractive strength [13] [14] [15] [16] [17] [18] .
According to Landau's two-fluid theory for a singlecomponent superfluid [19] , the superfluid density ρ s and the normal density ρ n , satisfying ρ s + ρ n = n, with n being the total particle density, characterize the superfluid and the normal components, respectively. At the lowest temperature (T = 0), Galilean invariance leads to ρ s = n and hence ρ n = 0 [19] . The violation of Galilean invariance naturally leads to a quantum reduction of ρ s [20] [21] [22] [23] [24] [25] [26] [27] [28] . At the one-body level, this may be realized by engineering the single-particle properties in cold atom experiments, such as optical lattice [20] [21] [22] , disorder [23, 24] , and spinorbit coupling [25] [26] [27] . A quantum reduction of ρ s is yet to be explored in cold atom experiments.
In this work, we propose a more fundamental mechanism for a quantum reduction of the superfluid density at the two-body level. We study a nonrelativistic fermionic superfluid in which the pairing interaction includes a part * lianyi@mail.tsinghua.edu.cn mediated by a dynamical bosonic mode. Due to the dynamical boson exchange (DBE), the effective two-body interaction between fermions is not static. The interaction retardation effect thus violates the Galilean invariance for the fermion sector and leads to a quantum reduction of the superfluid density. We find that the reduction is vanishingly small in the weak pairing limit. However, for strong pairing, the quantum reduction becomes sizable. The boson-mediated pairing interaction can be realized in dilute Fermi-Bose mixtures, where the force carrier becomes the Bogoliubov phonon mode of BEC [29] [30] [31] . In the previous studies of fermion pairing in Fermi-Bose mixtures, the interaction retardation due to DBE was normally neglected [32] . On the other hand, this two-component superfluid mixture should be described by the three-fluid theory [33, 34] . We show that in this double-superfluid system, the quantum reduction of the fermionic superfluid density also gives rise to the Andreev-Bashkin drag effect [34] , as required by the Galilean invariance of the whole Fermi-Bose system. A strong pairing thus leads to a strong entrainment between the two superfluid components.
The spin susceptibility χ is another important quantity for fermionic superfluidity. For static pairing interaction, it vanishes at T = 0 for spin-singlet s-wave pairing, indicating that the s-wave pairing is not compatible with a nonzero magnetization at T = 0 [35] . In this case, the application of a Zeeman field does not induce a magnetization in the superfluid state, and a firstorder phase transition to the normal state occurs at the so-called Chandrasekhar-Clogston or Pauli limit [36] [37] [38] . One route to realize a nonzero χ at T = 0 is to turn on the spin-orbit coupling [39] , which induces a spin-triplet pairing component even though the pairing interaction is of the s-wave nature. In this work, we show that for spinsinglet s-wave pairing, the DBE also leads to a nonzero spin susceptibility even at T = 0, providing a mechanism for the coexistence of pairing and magnetization. The application of a Zeeman field induces a finite magnetization in the superfluid state.
II. FERMIONIC SUPERFLUIDITY WITH BOSON EXCHANGE
We consider a gas of spin-1/2 nonrelativistic fermions with bare mass m f in free space. The interaction between fermions includes a part mediated by a bosonic mode. The Lagrangian density of the system can be given by
where τ is the imaginary time, ψ σ represents the Grassmann field for fermion with spin σ, and L ff denotes the static two-body interaction between the fermions. We use the units = k B = 1 throughout. The boson part L b and the fermion-boson interaction L bf are not specified here.
Formally we may integrate out the bosonic mode and obtain an action with only fermions. The action reads S = S 0 + S int , with the single-particle part given by
Here K = (ω n , k) denotes the fermion Matsubara frequency ω n = (2n + 1)πT and momentum k, and ξ k = k 2 /(2m f ) − µ f is the free fermion dispersion, with µ f being the chemical potential. The interaction part can be expressed as
where
V is the volume of the system, and Q = (q l , q) denotes the boson Matsubara frequency q l = 2lπT and momentum q. The frequency and momentum dependent effective interaction V σσ ′ (Q) includes the contribution from the exchange of the bosonic mode. Because of the contribution from DBE, the effective interaction between the fermions is not static. The interaction retardation thus violates the Galilean invariance of the fermion sector.
We consider equal spin populations (n ↑ = n ↓ ) and assume that the spin-singlet pairing dominates. We thus rewrite the relevant pairing interaction as
Following the standard field theoretical treatment, we introduce a pairing field Φ K (Q) via the StratonovichHubbard transformation, which satisfies the equation of motion Φ K (Q) = (βV)
grating out the fermions, we obtain an effective action
Here the inverse of U is defined
T is given by
At low temperature the pairing field acquires a nonzero expectation value. We consider a static and homogeneous superfluid state and write Φ K (Q) = ∆(K)δ Q,0 +Φ K (Q), where ∆(K) serves as the order parameter of superfluidity. The path integral over the fluctuationΦ cannot be accurately evaluated. Here we mainly consider T = 0 and hence employ the mean-field approximation. It is believed that the mean-field theory describes correctly the BCS-BEC crossover at T = 0 [13] [14] [15] [16] [17] [18] .
In the mean-field theory, the grand potential reads
with the fermion Green's function given by
Minimizing Ω[∆(K)], we obtain the gap equation
The total fermion density n f = n ↑ + n ↓ is given by
Here
For static pairing interaction, U (P − K) reduces to U (p − k) and thus the pairing gap depends only on the momentum. The Matsubara sum can be worked out analytically and the gap and number equations reduce to the BCS-Leggett mean-field description of the BCS-BEC crossover [14] . In the presence of DBE, Eqs. (8) and (9) should be solved simultaneously to determine the full frequency and momentum dependence of the gap function ∆(ω n , k) as well as the chemical potential µ f , and thus constitute a type of Eliashberg theory [40] [41] [42] [43] . Here we emphasize that unlike the previous studies, the full momentum dependence should be maintained in order to approach strong pairing, as was first considered in [43] .
For convenience, we define the Fermi momentum k F and the Fermi energy ε F via a noninteracting Fermi gas, i.e.,
III. LINEAR RESPONSES
The superfluid density and the spin susceptibility can be evaluated via the standard linear response method. The superfluid density ρ s characterizes the response of the system to an infinitesimal uniform superfluid flow v s , which amounts to being equivalent to a constant U(1) vector potential A = m f v s [44] [45] [46] . For an isotropic superfluid state, the change in the free energy reads
For convenience we can use the grand potential Ω instead of the free energy F = Ω + µ f n f , since the difference can be shown to be beyond the order O(v 2 s ) [44, 45] . The grand potential at finite v s can be obtained by replacing the fermion Green's function G −1 (K) with
Performing the Taylor expansion in v s , we obtain Ω(
The superfluid density ρ s can be expressed as ρ s = n f − ρ n , where the reduction or the normal density is given by
The function Y (k) is defined as a Matsubara sum
which cannot be analytically evaluated in the general case. For the normal state with ∆ = 0, we can show that ρ n = n f and thus ρ s = 0. In the absence of DBE, the gap function does not depend on the frequency, i.e., ∆(ω n , k) = ∆ k . In this case, the Matsubara sum can be evaluated to give the standard Landau formula
In the presence of DBE, the gap function depends on the frequency. In this case, ρ n does not vanish at T = 0, which is a direct consequence of the violation of Galilean invariance induced by DBE. To show this, we note that the Matsubara sum at T = 0 is converted to an integral over an imaginary frequency,
Using the trick of integration by parts [47] shown in Appendix A, we can show that at T = 0,
This expression shows obviously that ρ n is generically nonzero with a frequency-dependent gap function. For realistic boson-mediated interaction, |∆(ω, k)| decreases monotonically with increasing |ω| (see Appendix B). Therefore, Y (k) is normally positive, leading to a nonvanishing ρ n and hence a quantum reduction of ρ s . One the other hand, we expect that the finite-temperature behavior of the superfluid density ρ s is regular. It drops down with increasing temperature and finally approaches zero at the superfluid transition temperature. The result here based on the mean-field theory captures of the essential physics of the DBE. Inclusion of the quantum fluctuations does not change the result qualitatively. Actually, the quantum fluctuations bring a correction to ρ n which should not be negative [45, 46] . Even though here we assume a spin-singlet pairing, this generic result does not rely on the pairing symmetry, e.g., it also applies to the p-wave topological superfluid in a singlecomponent 2D Fermi gas [48] , with interaction mediated by a 3D Bose-Einstein condensate.
However, a puzzle may appear if we consider a spin-1/2 Fermi gas with balanced spin populations with static s-wave two-body interaction between the unlike spins. Such a system has Galilean invariance and hence the superfluid density should equal the total fermion density. However, a puzzle appears if we consider dressing the interaction by using the random phase approximation (RPA), or consider the so-called induced interaction [43] . In this case, the PRA improved interaction is no longer static and hence the superfluid density may be reduced according to our formula (13) . To solve this puzzle, we recall that the superfluid density is defined as a linear response to an infinitesimal uniform superfluid flow. On the other hand, the RPA improved two-body interaction is built by using the fermion Green's function. In the presence of a superfluid flow, the fermion Green's function is given by Eq. (10). If we calculate the superfluid density with the RPA improved two-body interaction, we also need to consider the modification of the fermion Green's function due to the superfluid flow. Therefore, there should be an additional contribution to the superfluid density from the RPA improved two-body interaction. If the RPA theory is self-consistent and compatible with the Galilean invariance, the additional contribution from the RPA should compensate the reduction due to the dynamical boson exchange effect. The total superfluid density thus remains the total fermion density.
Next we consider the spin response. We introduce a Zeeman term S h = h [ρ ↑ (0) − ρ ↓ (0)] in the effective action, with h being the Zeeman field. For an infinitesimal h, the change in the grand potential reads Ω(h) − Ω(0) = − 1 2 χh 2 + O(h 4 ) and the induced magnetization is given by n ↑ − n ↓ = χh + O(h 3 ). The spin susceptibility χ can be expressed as
where Y (k) is the same function defined in (12) . Without DBE, it is obvious that χ = 0 at T = 0. The DBE thus leads to a nonzero χ. In this case, applying a finite Zeeman field h will induce a finite magnetization even though h is below the Pauli limit (see Appendix E). While the DBE generically leads to nonvanishing normal fluid density and spin susceptibility, a natural question is whether they are sizable and hence can be probed experimentally. From the gap equation (8), we can derive a useful expression for ∂|∆|/∂ω (see Appendix B):
. (15) Together with Eq. (13), we expect that sizable values of ρ n and χ require a large magnitude of the gap function, i.e., strong pairing. Therefore, in the weak pairing limit, |∆| ≪ ε F , ρ n and χ become vanishingly small. On the other hand, for very strong pairing, the system becomes a Bose condensate of bound pairs. In this regime, we have µ f < 0 and |µ f | ≫ |∆|, indicating that ρ n and χ are also rather small. One should not conflate the superfluid density with the condensate density. The condensate number of fermion pairs can be evaluated by using its definition
In the mean-field theory, the condensate density n 0 at T = 0 reads
The behavior of n 0 is thus quite different from the superfluid density ρ s . In the weak pairing limit, we have n 0 → 0 while ρ s → n f . With increasing pairing strength, the condensate density gets enhanced but the superfluid density is suppressed due to the DBE, leading to opposite behavior of condensation and superfluidity.
IV. SINGLE-COMPONENT SUPERFLUID: A TOY YUKAWA MODEL
We first consider a system in which only the fermion component is a superfluid and the bosons play the role of force carriers. We study a toy model, fermions attracting each other via a real scalar mode φ, of which the Lagrangian density reads
The fermions and bosons interact via a Yukawa coupling
Integrating out the scalar mode, we obtain the pairing interaction
The velocity parameter v φ [49] and the mass parameter m φ control the interaction retardation and also the pairing strength. In the static approximation, i.e., discarding q 2 l , the pairing interaction reduces to a static Yukawa-type potential.
For s-wave pairing, the gap function depends only on k = |k| and can be set to be real. We solve the gap and number equations for s-wave pairing at T = 0 (see Appendixes B and C). In Fig. 1(a) , we show the the dependence of ρ n /n f and χ/χ 0 on the velocity parameter v φ , where χ 0 = 3n f /(2ε F ) is the spin susceptibility of a noninteracting Fermi gas. With decreasing values of v φ /v F , the interaction retardation becomes more pronounced and hence ρ n and χ become enhanced. Figure  1(b) shows the dependence of ρ n and χ on the mass parameter m φ at vanishingly small velocity v φ /v F → 0. In this case, the gap function depends only on the frequency ω. With increasing values of m φ , the pairing becomes weaker [ Fig. 1(c)] , and hence the derivative ∂∆/∂ω gets smaller. Accordingly, we find that ρ n and χ become vanishingly small at large m φ .
In a single fermion superfluid, the speed of the second sound is given by [50, 51] 
In the absence of DBE, c 2 approaches a nonzero constant when T → 0 [50, 51] , because of the cooperative low-T behavior of the entropy per fermion s and ρ n . However, the DBE leads to c 2 ∼ T 2 for T → 0 due to the nonvanishing ρ n at T = 0.
Next we study the system at finite Zeeman field h at T = 0 (see Appendix E). With increasing h, the superfluid state persists up to the Pauli limit determined by the sign change of the grand potential difference Ω S −Ω N . In Fig. 2 , we show that the spin imbalance is nonzero in the superfluid phase. At small h, the spin imbalance is well given by n ↑ −n ↓ ≃ χh. Thus the nonzero spin imbalance generated in the superfluid phase is caused by the DBE. For static pairing interaction, the spin imbalance keeps vanishing in the superfluid phase below the Pauli limit.
V. DOUBLE SUPERFLUIDITY: FERMI-BOSE MIXTURES
A possible cold atom system to test our predictions is a dilute Fermi-Bose mixture which has been realized in recent cold atom experiments [52] [53] [54] [55] [56] [57] [58] [59] [60] . We consider a mixture composed of two-component fermions and weakly interacting bosons of mass m b . With a boson-fermion interaction, an effective interaction between fermions can be induced by the Bogoliubov phonon mode of the BEC [29] [30] [31] . The bosons are described by a complex scalar field φ and its Lagrangian density reads
where a bb is the boson-boson scattering length. The boson-fermion interaction is given by
where g bf = 4πa bf /m bf is the boson-fermion coupling, with the boson-fermion scattering length a bf and the reduced mass m bf = 2m b m f /(m b + m f ). Within the Bogoliubov theory, the action for the BEC reads In terms of the phonon field, the boson-fermion interaction can be expressed as
Integrating out the phonon mode, we obtain the pairing interaction U (q l , q) = u ff (q) + U ind (q l , q), where u ff (q) is the direct instantaneous interaction. The induced interaction mediated by the Bogoliubov phonon is given by [29] [30] [31] 
While the Galilean invariance of the fermion sector is violated due to the phonon exchange, the whole system is Galilean invariant. We note that the boson component is also a superfluid and hence this double-superfluid system should be described by the three-fluid theory [33, 34] . We thus introduce two superfluid flow velocities, v f and v b , for the fermion and boson parts respectively. The change in the free energy is now given by [61] 
The diagonal term for the fermionic part has been calculated, D ff = m f (n f − ρ d ), where the reduction ρ d is just given by the expression of ρ n in Eq. (11) . The off-diagonal terms, D fb = D bf , represents the AndreevBashkin drag effect [34] . The Galilean invariance of the whole system requires D ff + D fb = m f n f [62] . Thus we obtain
Therefore, the quantum reduction ρ d of the fermion sector just gives rise to the Andreev-Bashkin drag effect. To prove Eq. (24), we note that the bosonic flow v b leads to a shift iq l → iq l − q · v b in the induced interaction (22) , which further induces a change in the gap function ∆(K). To the leading order in v b , the change at T = 0 reads ik · v b ∂∆/∂ω. Collecting the terms proportional to v f · v b and using Eq. (13), we find that the off-diagonal coefficients just equal m f ρ d . This proof also shows that the mean-field theory for the fermionic superfluidity is compatible with the Galilean invariance and hence is qualitatively reliable for the predictions of the superfluid and normal densities. We solve the gap and number equations for s-wave pairing for u ff = 0 at T = 0 (see Appendixes B and C). The result depends on the interaction parameters 
For small v B /v F , we expect that the retardation is significant and hence ρ d and χ reach sizable values. In Fig. 3 we show the results of ρ d and χ for n f /n b = 0.1 and two values of the boson-fermion coupling (n b a 1/3 leads to larger ρ d and χ, also consistent with the interaction retardation picture.
We expect that the recently realized 6 Li-174 Yb [59] and 6 Li-133 Cs [60] mixtures are good candidates to test our theoretical predictions and explore the Andreev-Bashkin drag effect. Our simple calculation shows that ρ d /n f can reach the order 10% in the 6 Li-133 Cs mixture [63] . Note that here we have neglected the direct pairing interaction u ff which can be tuned by using the method of Feshbach resonance [64] . Turning on this resonant interaction will greatly enhance the magnitude of the gap function ∆ and hence the derivative ∂∆/∂ω (see Appendix D), leading to a much stronger coupling between the two superfluid components. On the other hand, for realistic experimental systems, we need to consider the trapping potential. In this case, we can use the local density approximation to calculate the local superfluid density or the superfluid density profile. Within the local density approximation, our theoretical predictions are still valid for the local superfluid density. The total superfluid fraction can also be computed and could be compared with the future experimental measurements.
VI. SUMMARY
We have shown that the interaction retardation due to DBE in a fermionic superfluid leads to a quantum reduction of the superfluid density. For s-wave pairing, it also leads to a nonzero spin susceptibility at T = 0 and hence allows spin-imbalanced pairing when a Zeeman field is applied. For the double-superfluid system in ultracold Fermi-Bose mixtures, the quantum reduction also gives rise to the Andreev-Bashkin drag effect. These effects become sizable at strong pairing and hence can be probed in cold atom experiments. The superfluid or normal fraction can be probed by measuring the moment of inertia in the presence of a slow rotation [65] [66] [67] [68] [69] and can be extracted by measuring the second sound [72] . On the other hand, the superfluid fraction can be computed by using the quantum Monte Carlo method [70, 71] .
Other possible candidate systems to explore the effect of DBE on fermion superfluidity may include an ultracold Fermi gas with an effective interaction mediated by the cavity modes [73] and the exciton-polariton mediated superconductivity in two-dimensional electron gases [74] . Since the nuclear force includes contributions from meson exchange, the DBE may also provide a new mechanism to reduce the superfluid density of neutron matter, which is crucial for models of neutron star glitches based on neutron superfluidity [22, 76] .
Appendix A: Trick of integration by parts
We prove Eq. (13) by using a simple trick of integration by parts. We consider the integral
which can be written in an alternative form
Using the identity
and performing integration by parts, we obtain
Note that in this proof, we do not require |∆(ω)| → 0 for ω → ±∞.
Appendix B: Gap equation for s-wave pairing
For s-wave pairing, the gap function depends only on k = |k| and can be set to be real without loss of generality. The s-wave gap equation can be expressed as
where we have used the fact ∆(ω, k) = ∆(−ω, k). The s-wave kernel function K s (ν, p; ω, k) is given by
Here U s (ν − ω; p, k) is the s-wave interaction obtained by performing the angle integration,
where θ is the angle between p and k. For the Yukawa model, we have
For the dilute Fermi-Bose mixture with u ff = 0, U s (ν − ω; p, k) is given by
Note that for (ν − ω) 2 < (g bb n b ) 2 , the inverse tangent function is understood as arctan(ix) = ln[(1 + x)/(1 − x)]/(2i). On the other hand, from the gap equation (B1), we obtain
Thus we estimate that the magnitude of the derivative ∂∆/∂ω depends on two components: the derivative ∂K s /∂ω representing the DBE effect and the magnitude of the gap function. For the Yukawa model, we have
Thus ∂∆/∂ω is zero at ω = 0 and is negative for ω > 0. Using the dimensionless quantities,
we can express the gap equation as
For the Yukawa model, the dimensionless kernel functionK s (x ′ , y ′ ; x, y) is given bỹ
For the Fermi-Bose mixture with u ff = 0, we havẽ
The solution thus depends on four quantities: (n b a
, α, and n f /n b . Meanwhile, the number equation becomeŝ
The normal density ρ n and the spin susceptibility χ can be expressed as
Appendix C: Treatment of the number equation
For balanced spin populations, the number equation can be expressed as n f = (2/V) k n k , where the fermion momentum distribution n k is formally given by
The convergent factor e iωn0 + is not convenient for a numerical calculation. Here we provide a useful treatment at T = 0 and it can be easily generalized to T = 0. At T = 0, we have
Noting that the gap function becomes vanishingly small at large |ω|, we introduce a large cutoff ω c and divide the integration into three parts,
The convergent factor only guarantees the convergence for |ω| → ∞. Therefore, we can get rid of it in I 1 and obtain
Here we have use the fact ∆(ω, k) = ∆(−ω, k). Since the cutoff ω c is large, we can neglect ∆(ω, k) in I 2 and I 3 . It becomes exact when we set ω c → ∞ finally. Thus we have
They can be evaluated by using a contour integration. We obtain
The convergent factor can be dropped when summing I 2 and I 3 . We obtain
Finally, setting ω c → ∞, we obtain
If the gap function depends only on the momentum, i.e., ∆(ω, k) = ∆ k , we recover the known result
Appendix D: Effect of an instantaneous pairing interaction
With an additional instantaneous pairing interaction, the gap equation reads
Here u ff (p − k) denotes the instantaneous interaction and U ind (P − K) is the boson-mediated interaction. For s-wave pairing and at T = 0, the gap equation can be expressed as
with the s-wave kernel functions K ind (ν, p; ω, k) from the boson-mediated interaction and K ff (p; k) from the instantaneous interaction. It is easy to show that ∂∆(ω, k) ∂ω =ˆ∞ 0 dν πˆ∞ 0 p 2 dp 2π 2 ∂K ind (ω, k; ν, p) ∂ω
Note that the right-hand side does not depend explicitly on the kernel function K ff (p; k). Thus if the magnitude of the gap function is enhanced by the additional instantaneous pairing interaction, the derivative ∂∆/∂ω is also enhanced.
Appendix E: Results for finite Zeeman field
For finite Zeeman field h, the mean-field grand potential is still given by
with the fermion Green's function replaced with
Minimizing the grand potential, we obtain the gap equation
The density for each spin component is given by
with the momentum distributions
For a solution of the gap equation, the grand potential can be expressed as
At T = 0, the gap equation for s-wave pairing becomes
We can show that ∆(ω, k) = ∆(−ω, k) still holds for h = 0. Thus the gap equation can be written in a symmetrical form
Using the same trick of contour integral, the momentum distributions can be evaluated as
Thus the total density and the spin imbalance are given by
If the gap is frequency independent, i.e., ∆(ω, k) = ∆ k , a direct integration shows that
Therefore, below the Pauli limit the spin polarization is zero. However, for a frequency-dependent gap, the spin polarization becomes nonzero once a Zeeman field is turned on. At small h, the spin imbalance is well given by n ↑ − n ↓ ≃ χh.
